These problems illustrate laser-saturated absorption spectroscopy. They show how this technique circumvents Doppler broadening in measurements of optical spectra and so can improve resolution by several orders of magnitude. Solving these problems requires an understanding of the Btolzmann velocity distribution, the Doppler effect, and basic features of induced absorption of laser light by alkali atoms. The problems are suitable for a course in modern physics and provide background for advanced laboratory experiments in both high-resolution spectroscopy and cooling and trapping of atoms.re3
II. LASER ABSORPTION SPECTROSCOPY
In laser-saturated absorption spectroscopy three beams of light derived from the same laser pass through a cell containing a low-density vapor of atoms. The frequency of the laser light is varied, and resonances are observed by detecting increases in absorption when the frequency matches a transition frequency of atoms in the vapor. The 780-nm wavelength light from the laser is divided into three beams. The most intense beam is called the "pump" beam. The other. two beams, which are of considerably lower intensity than the pump beam, are sent through the vapor cell in the direction opposite that of the pump beam. These are called the "probe" beams and each is detected by a photodiode. The probe beam that is arranged to overlap the counterpropagating pump beam inside the cell is called the "overlap" beam; the other probe beam, which does not overlap with the pump beam, is called the "reference beam."
For reasons made clearer below, the signals produced by the two probe beams at the photodiodes are adjusted to be equal and then subtracted from each other. It is the difference between the two signals that is usually recorded.
A. Rubidium
Rubidium is a convenient atom to study with absorption spectroscopy. Because it has a single electron outside of closed shells, it has a relatively simple hydrogenlike structure of energy levels. The ground and first excited states of the single electron are, respectively, 5*Sij2 and 5*P1,z,a,2, and, although the I=312 nuclear spin of 87Rb produces the hyperfine splittings shown in Fig. 1 , the transitions shown there all have wavelengths around 780 nm and are easily induced with a compact, inexpensive diode laser. Rubidium's high vapor pressure permits it to be used in a vapor cell at room temperature. The feasibility of doing without a complicated oven and also using a diode laser means that the apparatus for laser absorption spectroscopy of rubidium can be quite simple.
III. DOPPLER BROADENED ABSORPTION SPECTRA
In conventional laser spectroscopy the closely spaced spectral lines arising from atomic fine structure or hyperfine structure are often not resolved because of Doppler broadening. When the overlap probe beam is blocked so that it does not reach the photodiode, the absorption signal then comes only from the reference probe beam and displays Doppler broadened absorption lines. Figure 3(a) shows such a spectrum. Here, the stronger line is due to 85Rb (72% natural abundance) and the weaker line is due to 87Rb (28% natural abundance). The 87Rb line arises from the three 5*s,,*(F= 2)-+52P3,2(F'=1,2,3)
transitions (see Fig. 1 ), but these appear together as one line in the data of Fig. 3(a) because of Doppler broadening. This means that as the frequency v of the laser is varied, the light interacts with different parts of the thermal distribution of the velocities of the atoms. A graph of absorption as a function of laser frequency v will have the shape of the u, velocity distribution of the atoms, which for atoms in thermal equilibrium is just the Maxwellian distribution of the z component of the velocities:
where kn is the Boltzmann constant (1.38X1O-23 J/K), M is the mass of an atom, and T is the temperature of the vapor.
IV. DOPPLER PROBLEMS

A. Doppler broadened absorption line shape
By substituting Eq. (2) into Eq. (3) show that the relative number of atoms in a vapor that are resonant with light in a range of frequencies around y is given by the Gaussian function
B. Calculated Doppler linewidth
Show that this distribution has a full width at half maximum of where vr is in hertz, M is in kilograms, and T is in Kelvins.
This quantity Avrn is the linewidth due to Doppler broadening.
C. Observed Doppler linewidth
In Fig. 3(a) the calibration of the horizontal axis is 534 MHz/div (where "div" means major division on the oscilloscope screen). Use this fact to determine the 87Rb absorption linewidth from the data. Compare this result with what you would expect from Eq. (5).
D. Resolving power
From your values of the Doppler broadened linewidths, estimate the resolving power of this kind of laser absorption spectroscopy.
V. DOPPLER ANSWERS
A. Doppler broadened line shape
To find the linewidth, note that you want the value of Avr,=2(v-vr) for which Eq. (4) equals 1/2; i.e., l-
Take the internal log of both sides, and solve for Av,,.
B. Experimentally observed linewidth
Direct measurement from Fig. 3(a) shows the full width at half maximum of the curve is about 1.05 divisions on the oscilloscope screen, From the calibration given above, the width must be 534X1.05=561 MHz.
To obtain the Doppler linewidth from Eq. (5) 
C. Resolving power
The frequency separation of the well-resolved Doppler broadened lines shown in Fig. 3(a) is approximately 534 MHz/divX2 div=1.1 GHz. If the spacing were about 1 div or 534 MHz, then the lines would be barely resolved. Hence, the resolving power is v,lAv=ir~ 105.
VI. LASER SATURATED ABSORPTION SPECTROSCOPY
In the early 1970s Schawlow and H&ch4 developed a practical way to use nonlinear interactions of laser light with atoms to produce spectra without Doppler broadening. Their technique, known as laser-saturated absorption spectroscopy, grew out of fundamental work on nonlinear optics done by them and other physicists, Javan.s e.g., Bloembergen, Lamb, and
In this technique, two counterpropagating, overlapping laser beams of exactly the same frequency interact with atoms in a vapor. When the laser frequency is different from the resonant frequency of the atoms, vl, one beam interacts with a set of atoms with some velocity u, and the other beam interacts with an entirely different set of atoms, those with velocity -u, . However, when the frequency is tuned to vl, the two beams interact with the same group of atoms, those with velocity component parallel to the beams -0. Under these circumstances the stronger beam, the pump beam, reduces the absorption experienced by the weaker overlap probe beam but only over a very narrow range of frequencies that under proper conditions can approach the natural width determined by the lifetime of the atomic transition.
A. Laser saturated absorption spectrum
To see how the narrow absorption dip arises, consider what happens when the reference probe beam is blocked and only the overlap probe beam is allowed to strike its photodiode. Figure 3(b) shows that there appear "dips" in the spectral lines. To understand these it helps to look at Fig. 4 , which shows the number of atoms in the ground state, N.&u,) as a function of atomic velocity u, (where positive u, is parallel to the probe beams). In Fig. 4(a) the laser frequency v is less than v,, the frequency of a transition from a ground-state F level to an excited F' level. The notch to the left corresponds to atoms moving in the negative direction with exactly the correct velocity -uZ1 to see the overlap probe beam blueshifted to vr ; as a result, the number of atoms in the ground state is reduced as shown in Fig. 4(a) . A different group of atoms with the positive velocity uZ1 will see the pump beam also blueshifted to vl , and the number of ground-state atoms with this velocity will be reduced as shown by the notch on the right. For vfv, the two beam8 interact with these two different groups of atoms, and as v is increased, the notch due to the pump beam moves left and that due to the probe beam moves right.
When v=vl as in Fig. 4(b) , the two beams interact with the same group of atoms. Then the pump beam depletes the number of atoms in the ground-state F level, and the probe beam passes through the vapor cell with reduced absorption, so that "dips" appear in the Doppler broadened absorption line, as shown in Fig. 3(b) .
The two photodiodes shown in Fig. 2 are wired so that their signals subtract. If neither probe beam is blocked, the signals shown in Fig. 3(a) and Fig. 3(b) are subtracted, and the resulting signal is like that in Fig. 3(c) . The three dips labeled a, c, and fin Fig. 3(c) correspond to the atomic transitions labeled a, c, and f in Fig. 1 . The three dips labeled b, d, and e in Fig. 3 are known as "crossover" dips and are peculiar to saturated absorption spectroscopy.
Crossover transitions
A crossover dip can occur when two transitions share a common ground state and differ in frequency by less than the Doppler linewidth. In this situation there are laser frequencies at which the pump beam interacts with two different groups of atoms at the same time. An example is shown in Fig. 4(c) , where ui<v< y so that the atoms with velocity -u,r see v redshifted to vi, while at the same time those with velocity + uZ2 see u blueshifted to v2. The probe beam interacts in a similar way with atoms at +u,t and -uZ2. As the laser frequency is increased, the notches corresponding to the pump beam move left, and those of the probe beam move right. Clearly, there will be some laser frequency Y, such that the same group of atoms will be resonant at vl with the pump and at y with the probe (and another group at vl with the probe and y with the pump). In both cases the pump beam reduces the population in the F = 2 level, and there is increased transmission of the overlapping probe beam giving rise to the extra dips, b, d, and e in Fig. 3 .
VII. SOME SATURATION SPECTROSCOPY PROBLEMS
A. What is the crossover frequency?
Show that the crossover frequency V, is v1+v2 v =--T--* c
B. What levels produce the crossovers?
The horizontal dashed lines on the right-hand level diagram in Fig. 1 correspond to crossover frequencies giving rise to the dips labeled b, d, and e in Fig. 3(c) . Identify what two atomic transitions are involved in each case and verify that they differ in frequency by less than the Doppler width.
C. Saturation spectroscopy linewidths
What are the widths of lines e and f in Fig. 3(c) ? Given that the lifetime of these atomic states is about 28 ns, calculate the natural linewidth predicted by the Heisenberg uncertainty principle and compare it with your measured linewidth.
D. Resolving power
From your values of the widths of the lines in Fig. 3(c) estimate the resolving power exhibited in these saturation laser spectroscopy data.
VIII. ANSWERS TO SATURATION SPECTROSCOPY PROBLEMS
A. What is the crossover frequency?
The crossover occurs when the laser frequency V, is such that atoms with velocity -u,t see the pump beam Doppler redshifted to the transition frequency V, and at the same time see the probe beam blueshifted to y. In other words, 
B. Crossover frequencies in the Rb hyperllne spectrum
The crossover peaks marked b, d, and e arise, respectively, These three crossover frequencies are shown in the diagram of Fig. 1 by the vertical lines labeled b, d , and e connecting dashed horizontal lines to the F = 2 groundstate level. The frequency separations between transitions are labeled horizontally across the middle of the diagram, 79, 79, etc. They show that all three of the observed hyperfine transitions fall within about 400 MHz of each other, well within the observed Doppler width of 561 MHz.
C. Linewidths
In Fig. 3(c) the horizontal axis was calibrated to be 69 MHz/div. Consequently, the linewidths of the saturated absorption dips e and f shown there are respectively approxi-, mately 69X0.40=28 MHz and 69X0.18=13 MHz. The natural linewidth predicted by the Heisenberg uncertainty principle for a state with lifetime ~28 ns is Av=ll (27~r)=6 MHz, which is 1/2 to 1/5 of what is measured.
Spectral linewidths depend on the rate at which the atoms are undergoing collisions, on the particular gas species present in the cell, and on the rate at which the laser light stimulates the observed transitions. They also depend on the spread of frequencies in the laser light itself, but, since this is no more than a few MHz for the laser used here, the discrepancy between the observed value of Av and the value predicted by the uncertainty principle is probably due to a combination of the other effects.
D. Resolving power
The frequency separation of spectral lines labeled e and is 69 MHz/divX 1.9 div = 131 MHz. If the separation was about 0.3 div or 21 MHz, the peaks would be barely resolved. Hence, the resolving power is about 18X106, a more than 20-fold improvement over the resolving power of ordinary linear spectroscopy.
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